Accurate characterization of the mechanical behavior of geomaterials at depth is a fundamental need for geologic and engineering purposes. Laboratory tests on samples from well cores provide the material characterization in terms of mechanical response and other relevant properties. Representativeness of a sample data set with respect to the in situ conditions at depth is a key issue, which needs to be addressed to extrapolate the laboratory response to the whole rock mass. We have developed a procedure aimed at quantitatively evaluating the representativeness of laboratory samples. The methodology is based on joint processing of laboratory ultrasonic tests and wellbore sonic logs. A structural index is used to quantify the difference between the average structure of the laboratory sample and the structure of the formation at the wellbore scale. This index could be used to identify different causes of discrepancies between the behavior of the cored samples and the behavior of the rock formation as documented by well logs. Then, it could also be used to integrate laboratory data for the construction of a reliable geomechanical model with reference to the real in situ state. The methodology was applied to three different experimental data sets, showing the effectiveness of the method.
INTRODUCTION
Mechanical characterization of rock formations at great depth is a key factor for geomechanical aspects of energy production, such as the exploitation of gas and oil reservoirs, of geothermal energy, and to geoenvironmental issues, e.g., CO 2 sequestration. For instance, in oil-related applications, a reliable identification of rock behavior is crucial for reservoir-scale modeling (evaluation of subsidence and of cap-rock integrity), well-scale modeling (open-hole stability and cased-hole integrity analyses), and intermediate scale modeling (stimulation/injection operations and hydraulic fracturing campaigns).
State-of-the-art computational tools and advanced constitutive laws allow 3D simulations of these complex hydromechanical problems. Accuracy of predictions is governed by a reliable characterization of the in situ state and of the mechanical response of the geomaterial in the stress-strain range involved.
Laboratory tests can provide an accurate characterization of the mechanical behavior of rock samples because they are performed under well-controlled conditions (stress state, stress path, pore-fluid pressure, temperature, and chemistry). Nevertheless, a comprehensive geomechanical characterization cannot rely only on laboratory tests: rock samples are usually limited in number, and their mechanical response may be not representative of in situ behavior.
Limited representativeness depends on the scale of investigation and on differences between the structure of the samples and the structure of the rock formation (e.g., Fjaer et al., 2008) . On one hand, the spacing of fractures and joints in the formation, having significant impact on engineering work, can exceed the size of the samples (megastructural effects). On the other hand, the original rock fabric can be altered by coring and subsequent sample preparation, especially for unconsolidated and weakly cemented sediments (microstructural effects), as extensively documented in the literature (e.g., Holt et al., 2000; Fjaer et al., 2008; Alvarado et al., 2012) . Holt et al. (2000) reproduce damage due to coring with laboratory experiments. Artificial weakly cemented sandstones consolidated at high stress levels ("virgin" state) were first exposed to sudden stress release (coring) and then reloaded to evaluate changes induced on the mechanical and dynamic parameters of the rock. This simulated coring significantly reduced the uniaxial compressive strength and the oedometer modulus. Elastic-wave Manuscript received by the Editor 31 July 2014; revised manuscript received 1 April 2015; published online 16 July 2015. 1 velocities measured under loaded conditions in the cored samples were also smaller than those measured in virgin samples, although the difference between the velocities obtained for the two reference states decreased with the stress increase. Other researchers (e.g., Martin and Stimpson, 1994; Eberhardt et al., 1999) have obtained similar results.
In situ measurements can provide information on the rock properties when they are not affected by coring effects. Sonic logs have the advantage of providing continuous measurements of the velocity of elastic waves along the formation. Moreover, given the distance between the sensors used to measure elastic velocities (from tens of centimeters to meters), the recordings also take into account the presence of fractures or joints. A drawback of sonic logs is that they investigate a narrow strain range because only very small strains are induced by wave propagation, whereas the mechanical response can depend heavily on strain magnitude. Thus, although a complete mechanical characterization remains based on laboratory tests, information from sonic logs can help to evaluate whether samples selected for laboratory tests are representative of the original rock formation and also to extend the characterization to depths at which no samples are taken. A link between sonic logs and mechanical laboratory tests is then needed to extend the response given by the sonic log to the strain range investigated by the laboratory tests, with the aim of obtaining a reliable and complete geomechanical characterization. However, the integration of laboratory and well measurements is not straightforward because the effect of varying state parameters (stress, porosity, saturation, and structure) and of frequency-dependent dispersion are to be considered.
A quantitative evaluation of the representativeness of laboratory sample data sets can be based on joint processing of laboratory ultrasonic velocity tests and wellbore sonic logs. Joint processing also allows the mechanical behavior defined with laboratory investigation to be extrapolated for building a geomechanical model appropriate for the scale and the stress state concerned. After a detailed description of the procedure proposed, the application to three experimental data sets is reported.
EVALUATION OF SAMPLE REPRESENTATIVENESS
The proposed methodology is based on joint processing of laboratory ultrasonic tests and wellbore sonic logs. In particular, the stress dependence of elastic-wave velocities is determined at the laboratory scale, extrapolated to the log scale, and finally compared with available sonic logs. The methodology can be based either on P-or on S-wave velocities. Although this study focuses on isotropic cases, its extension to anisotropic media is relatively straightforward when wave velocities obtained along different directions of propagation are available to estimate anisotropy effects.
Data processing is described in the following paragraphs.
Dependence of elastic-wave velocities on stress state and structure
The dependence of elastic-wave velocities on the effective stress (i.e., the difference between the confining stress and the pore pressure) is well established in the rock-physics literature. The velocityeffective stress relationship is nonlinear with a steeper increase in velocity with effective stress at low confinements and a smoother increase at higher confinements. This dependence can be explained considering closure of ubiquitous mechanical microdefects (Brich, 1960 (Brich, , 1961 Walsh, 1965a Walsh, , 1965b , or otherwise, for granular materials, in terms of increase of the contact area between grains (e.g., Mindlin, 1949) .
Several equations, mostly empirical, have been proposed to describe stress dependence of the compressional (P) and shear (S) wave velocities (e.g., Zimmerman et al., 1986; Eberhart-Phillips et al., 1989; Freund, 1992; Wang et al., 2005) . These relationships provide a good approximation of the observed velocity variations with effective stress, although mostly relying only on phenomenological parameters.
One of the simplest physically based models is the Hertz-Mindlin one (e.g., Mavko et al., 2009 ). This model is based on the theoretical behavior of spherical particles, but experimental evidences suggest that Hertz-Mindlin-like expressions can correctly quantify the stress sensitivity of wave velocities in rocks (Cha et al., 2009; Rasolofosaon and Zinszner, 2012) . According to the Hertz-Mindlin model, the stress dependence of elastic-wave velocity V i is described by a power law:
where i denotes the type of wave considered (P or S), p 0 is the isotropic effective stress, p 0 0 is the reference isotropic effective stress (throughout this paper, p 0 0 has been set equal to 100 kPa, although other choices are possible), α i is the wave velocity at the reference stress, and β i is the so-called Hertz exponent, describing the sensitivity of P-or S-wave velocities on stress.
Other models relate stress dependency to crack closure, providing different expressions from equation 1 (e.g., Katsuki et al., 2014) , also foreseeing increase of velocity (stiffness) with loading (see Appendix A for application of the Katsuki et al. [2014] model to one of the case studies of this paper).
Although the role of effective stress on wave velocity is given by relationship 1, the role of porosity and of structure is implicitly included in the two parameters α i and β i , whose meaning is discussed in Santamarina et al. (2001) . Parameter α i depends on the elastic properties of the rock grains (e.g., shear modulus G g and the Poisson's ratio ν g ), on porosity, and on other factors related to structure (particles coordination number, contact behavior, and the presence/ type of cement). The type of contact between the particles (e.g., contact area and friction) controls the value of the β i parameter, which, for the theoretical case of uncemented spherical grains, is equal to β ¼ 1∕6. Experimental data (Santamarina et al., 2001; Cha et al., 2009) show decreasing values of β i for increasing values of α i : a volume of rock with high stiffness at the reference stress (high value of α i ) is less sensitive to an increase in stress (i.e., it has a low value of β ι ) than another volume of rock with a lower reference stiffness (low value of α i but high value of β ι ). As pointed out by Berge et al. (1993) , "Effective elastic properties of composites depend on constituent elastic constants, volume fractions, and spatial arrangement (microstructure)." Parameter α i can be further interpreted as the product of a constant A i , related to the stiffness of the solid constituent and a function F i ðϕÞ, dependent on porosity ϕ at reference pressure and on structure:
(2) Some literature expressions for F i ðϕÞ are reported by Mitchell and Soga (2005) . For materials of low to moderately low porosities, the function F i ðϕÞ should comply with the following basic requirements: first, A i should be constant in geomaterials with the same mineralogy; second, it is convenient to assume that F i ðϕÞ tends to unity when the porosity tends to zero (in this case, it profitably follows that A i represents the velocity of the elastic wave in the rock mineral at the reference effective stress). A phenomenological exponential function allows both prescriptions to be respected:
where c i is a fitting parameter, which depends on the structure of the material. Different c i values are associated with different structures: if the structure of a population of samples changes, the velocity at a given porosity and reference conditions changes consequently, and this is reflected by different c i values. Several other equations have been proposed in the literature to take into account the effect of porosity and structure on wave velocity at reference stress (see Mavko et al., 2009) . Although these literature expressions ultimately make it possible to guess the type of structure/cementation (Avseth et al., 2010) , henceforth equation 3 will be used because of its simplicity. Equation 3, calibrated on laboratory data, is used in the following examples to reflect the structural conditions of samples from the studied rock formations. Figure 1 shows an example of the fitting of experimental laboratory data from the third case history of the present study.
The following steps are needed to provide the structural characterization of a data set of specimens from a homogeneous rock formation (phase 1 in Figure 2 ):
•
Step 1: for each specimen, parameters α i and β i of equation 1 are obtained through regression of results of laboratory tests, in which elastic-wave velocities are measured under increasing isotropic load.
Step 2: the β i ¼ βðα i Þ relationship is obtained for the data set.
Step 3: a regression of the values of α i as a function of porosity (equations 2 and 3) allows parameter c i to be determined.
Step 3 requires the velocity of the elastic waves in the solid phase A i to be known. For monomineral rocks, the coefficient A i can be assumed equal to available literature velocities for the solid constituent. Alternatively, for rocks composed by a mixture of minerals, the coefficient A i can be assumed as one of the following values: (1) an average velocity (e.g., Hill's average), assuming literature data for wave velocities of each constituent, if the mineralogical composition of rock is available, (2) the wave velocity measured by wellbore sonic logs at negligible porosities or by laboratory ultrasonic measurements Representativeness of sample data sets D443 performed on very low porosity samples, and (3) a value extrapolated from the regression function between α i and porosity ϕ, imposing the condition F i ðϕÞ ¼ 1, for ϕ ¼ 0.
Fluid effects on wave propagation
Because the fluid saturating the pore space influences the wave propagation in the porous medium, it is necessary to assure that laboratory and well-log data refer to the same saturation conditions. Hence, it is preliminary necessary to account for the dependence of the seismic velocities on the pore fluid (Figure 2 -phase 0) .
In fluid-saturated rocks, wave velocities increase with frequency owing to the fluid-solid interaction (Biot, 1956a (Biot, , 1956b O'Connell and Budiansky, 1974; Mavko and Nur, 1979; Murphy et al., 1986; Dvorkin and Nur, 1993; Dvorkin et al., 1994) . Two main mechanisms have been identified: (1) the Biot one, in which the fluid is forced to participate in the solid motion by viscous friction and inertia and (2) the squirt-flow mechanism, in which the fluid is squeezed out of thin pores deformed by a passing wave. The dispersion effect caused by the squirt flow (local flow) is usually comparable with or larger than the effect predicted by the Biot theory alone (global flow).
The global and local flow mechanisms have been incorporated into a single model (Dvorkin and Nur, 1993; Dvorkin et al., 1994) . Although this complete model allows a comprehensive interpretation of acoustic data, it requires a microstructural parameter (e.g., the squirt-flow length) that is not easily estimated (Diallo et al., 2003) .
The simplest and most widely used model to calculate elastic waves velocity changes resulting from different fluid saturations is the Gassmann's fluid substitution formula (Gassmann, 1951) . This model is based on Biot's poroelasticity theory (global flow), and its application requires several assumptions to be respected: the rock (matrix and frame) is macroscopically homogeneous and isotropic; the pores are interconnected or communicating and in pressure equilibrium; the pores are filled with a frictionless fluid (liquid, gas, or mixture); the rock-fluid system under study is closed (undrained conditions); there is no chemical interaction between fluids and rock frame (shear modulus remains constant); and the influence of squirting is negligible. Some of these assumptions may not be valid for a specific data set, depending on rock properties, wave frequency used in testing, viscosity, and compressibility of the fluid. In particular, the low-frequency formulation of Biot's theory (Biot, 1956a) can be used for operating frequencies below the following threshold:
where η fl and ρ fl are viscosity and density of the pore fluid, respectively, and k is the rock permeability. Therefore, to refer laboratory and log data to the same saturation conditions, it is possible to operate in two ways (Figure 2 -phase 0): (1) use only dry laboratory measurements of wave propagation and (2) test the validity of Gassmann's theory comparing the results of laboratory ultrasonic velocity measurements at different saturation conditions (Grochau and Gurevich, 2009; Rasolofosaon and Zinszner, 2012) .
In the first case, dry measurements are used to mitigate the effects associated with the dispersion caused by fluid-solid interaction (Grochau and Gurevich, 2008) , so Gassmann's equation can be applied on dry ultrasonic measurements to refer laboratory data to the reservoir saturation conditions. Other dispersion phenomena may still affect the wave velocity measurements (e.g., scattering and matrix anelasticity); however, these phenomena can be usually assumed negligible with respect to effects due to dispersion from fluid-solid interaction. Therefore, the velocities computed from dry measurements using Gassmann's equation can be considered as measured in the low-frequency (quasistatic) limit (Grochau and Gurevich, 2008) . In the other case, if the applicability of Gassmann's equation on ultrasonic laboratory data is verified (e.g., as in Appendix B), it is possible to apply the fluid substitution to log data as well because testing frequencies in the field are typically lower than those in the lab. The laboratory and log data can be therefore transformed into equivalent values at dry conditions.
Comparing laboratory and log velocities: The structural index
Processing of an ultrasonic laboratory data set allows the definition of the β i ðα i Þ and F i ðϕÞ relationships (see the previous section "Fluid effects on wave propagation" and Figure 2 ) for samples proceeding from a formation of interest.
Such a characterization can be used to evaluate an index for the assessment of structural integrity. This index relies on referring laboratory and log data to common reference conditions, and it allows the quantitative assessment of structure differences between the samples of the data set and the in situ rock formation. The in situ isotropic effective stress p 0 z , porosity, and sonic waves velocity logs are needed for this aim. The main steps for derivation of the index are summarized in phases 2 and 3 of Figure 2 and commented in this section.
Equation 2 shows the dependency of parameter α i on mineralogy, porosity at reference stress (100 kPa in this study), and structure. The last two variables are merged together in the porosity homogenization factor F i ðϕÞ. At a given porosity at reference pressure, an exponential relationship between α i and structure exists, which is expressed by exponent c i in equation 3. We call α pseudo i the value expected for α i , according to laboratory characterization. The parameter α pseudo i projects the structure of the sample data set along the well. A log of α pseudo i is obtained by introducing the porosity log ϕ log and the experimental value of c i in equation 3, and then multiplying the result by the velocity of the solid A i (Figure 2 , phase 2, steps IV, V, and VI). The parameters are maintained constant throughout the considered depth interval, along which sufficient mineral homogeneity shall exist. Note that the porosity log shall be corrected to have porosity at the reference stress: this can be done using static bulk moduli obtained in the laboratory.
Equation 1 The structural index (SI) can be defined at each depth as
and it represents the ratio of the effects of the undisturbed structure of the formation to the effects of the average structure of the population of laboratory samples on wave velocities. Mechanical processes (e.g., coring or tectonic events) may destroy the structural connections developed during previous geologic history changing the relationship between α i and ϕ. The SI allows evaluating the difference between the local and the laboratory data set α − ϕ relationships.
When SI is equal to 1, the sample data set and the rock formation have the same structure, and laboratory tests are fully representative of the behavior of the rock formation. In other words, at the same given porosity, reference pressure and saturation conditions, the rock formation and the samples will have the same elastic-wave velocity. Two other cases are possible:
> 1: the wave velocity of the formation, measured by sonic loggers and extrapolated to reference conditions, is higher than the one predicted, for the local porosity, on the basis of the characterization made on laboratory samples. Therefore, this case suggests that the structure of the formation has been partially destroyed during coring and that sample data set underwent some damage.
< 1: the wave velocity of the formation, measured by sonic loggers and extrapolated to reference conditions, is lower than the one predicted, for the local porosity, on the basis of the characterization made on laboratory samples. This case suggests that fractures not represented in the samples are actually present in the formation.
An alternative way to assess differences between the structure of the rock samples and that of the rock is also suggested. Once α pseudo i has been evaluated at each depth, by applying equation 1, a pseudolog of the expected elastic-wave velocity can be derived. Differences between measured velocities of sonic logs and velocities of this pseudolog are due to differences between the structure of the rock in situ and in the laboratory.
Nevertheless, the proposed SI has the following advantages: first because higher values of β i correspond to lower values of α i , the increase of the elastic-wave velocity with stress is higher in damaged samples than in the supposedly undisturbed formation. Thus, at in situ stresses, the impact of structure on wave velocity is somehow smeared out, whereas it is more evident at low stresses, such as the reference stress. Second, the use of a reference condition allows the assessment of the actual damage and megastructural effects occurring at different depths of the same well (or in different wells of the same field). The same difference in velocity between the pseudolog and the sonic log at different depths does not indicate identical structural damage if the stress state is different, such as it could be along wells and formations extending over large depths. Finally, when populating geomechanical models at large scales, the SI index provides support to extrapolate information from undisturbed samples.
A modified α pseudo i can be defined using core porosity, if available, in place of log porosity in the proposed formulation. Its use in equation 5 leads to a different index, that we shall call the damage index (DI), accounting also for the effects of porosity changes at reference pressure induced by coring. More details on this index and its implications are provided in Appendix C.
GEOMECHANICAL CHARACTERIZATION AT WELL SCALE
Laboratory tests (e.g., triaxial test) can be used to characterize the formation of interest on a wide stress/strain interval, whereas only dynamic (small strain) moduli are measured by sonic logs.
If the SI is close to one (i.e., lab samples have on average the same structure of the in situ formation), the information from the lab and sonic log can be integrated to build a comprehensive geomechanical model. In this case, the stress-strain relationship measured in laboratory tests (e.g., triaxial tests) is used to experimentally evaluate the decrease of the secant shear modulus as a function of strain. The experimental data are interpreted through an analytical expression (e.g., Ramberg and Osgood, 1943; Duncan and Chang, 1970; Puzrin and Burland, 1996) . The same expression is used along the well to estimate the shear modulus at any strain level, provided that the initial (small strain modulus) is evaluated through
with V S measured by sonic logs. In the present study, the law of Ramberg and Osgood (1943) was used because it produces a very good fitting with the case histories reported in the next section, "Application to experimental data sets."
An analogous procedure can be applied to estimate the bulk modulus. The ratio K 0us ∕K tg (where K 0us is the bulk modulus at small strain levels from ultrasonic measurements and K tg is the tangent bulk modulus) is evaluated at increasing stress levels during laboratory tests. An experimental relationship is thus determined between the dynamic and the static moduli through which log data can be calibrated. The small strain modulus K 0us is determined as
where V P and V S are measured by ultrasonic tests or sonic logs.
APPLICATION TO EXPERIMENTAL DATA SETS
Application to three data sets, one related to synthetic rock samples and two derived from field cases, is discussed in the following. In the first two cases, in which data are obtained from the literature, only the evaluation of the SI to define the representativeness of samples with respect to the rock formation is derived. In the last case, in which a more complete data set is available, a further analysis aimed at characterizing the geomechanical stratigraphy is also performed.
Application 1: Quantification of coring damage on synthetic rock samples Experimental data reported in Holt et al. (2000) offer an interesting benchmark to validate the proposed procedure. Indeed, their tests were specifically designed to reproduce the effect of core damage induced by sampling on the mechanical behavior of rocks, so Representativeness of sample data sets D445 that material parameters measured in virgin condition could be compared with those measured on cored samples. Samples of synthetic rock were manufactured mixing sand grains with sodium silicate solution into a wet slurry. The wet sand pack was loaded in a triaxial cell to a high confinement stress, representing the in situ stress state of a target reservoir (30 MPa vertical and 15 MPa horizontal stress). CO 2 gas was then injected into the samples, leading to rapid precipitation of amorphous silica at grain contacts. Damage effects due to coring procedure were simulated by unloading the samples. The mechanical behavior of the altered samples was studied reloading them back to the previous stress state. The stress dependence of Pand S-wave velocities was measured in the cemented state, before unloading (virgin compaction), and after core damage (simulated core compaction). Figure 3 reports the experimental data of P (3a) and S (3b)-wave velocities on samples in the virgin compaction condition and in simulated core compaction. The velocities were measured at increasing axial stress in oedometer conditions. The P-wave velocities were recorded along the sample axis and across the sample diameter, whereas the S-wave velocities were only measured along the sample axis. These experimental data can be fitted with equation 1 to obtain the values of α i and β i for each type of wave and for each sample ( Table 1) . As expected, destructuration induced by coring causes a decrease of α i and a corresponding increase of β i (Figure 4 ). For this data set, the α i values of virgin compaction (α Table 1 (all above 1) quantify the effect of coring on structure.
Although Holt et al. (2000) report ratios between the virgin and cored states oedometer modulus ranging between 2 and 3, the SI ranges between 1.91 (S-waves) and 2.34 (axial P-waves). Note that SI is related to the velocity extrapolated at a stress of 100 kPa. Because velocity is proportional to the square root of the modulus, these results suggest that effects of coring are more evident at low stresses and small strains.
P-wave velocities were recorded along the sample axis and across the sample diameter; therefore, two SI P , one for each direction, were evaluated. This would allow us to take into account anisotropy effects (velocities varying with the direction of propagation) if similar in situ measurements are available. In situ anisotropy can be obtained for example by means of the multioffset multiazimuthal vertical seismic profiling (Okaya et al., 2004; Asgharzadeh et al., 2013) or by the S-wave splitting analysis (Crampin, 1985; Savage, 1999; Peng and Ben-Zion, 2004 ).
Application 2: Sandstone reservoir
A second case history refers to a well drilled in a quartz arenite sandstone (Mantilla, 2002) proceeding from Colombia (ApiayGuatiquía oil field). The set of available geophysical measurements Figure 3 . Laboratory axial and radial P-wave velocities (a) and axial S-wave velocities (b) versus axial stress during uniaxial compaction tests of virgin compaction (filled symbols) and simulated core compaction (unfilled symbol) (data are from Holt et al., 2000) . Fitting curves predicted by equation 1 are reported as solid and dashed lines for virgin compaction and simulated core compaction, respectively. (2002) show relatively uniform mineralogy also for gamma-ray anomalies ranging from 20 up to 100 API. Laboratory ultrasonic P-and S-wave velocities under increasing isotropic stress are also available for several cores along the well. The dependence of P and S velocities on stress, and its interpretation in terms of equation 1, is reported in Figure 5 (see also Table 2 providing values of associated α i and β i parameters).
Total stress gradients (increase of total stress per unit increase of depth) are also indicated in Mantilla (2002) : 22.62 kPa∕m for the vertical stress, 21.26 and 13.80 kPa∕m for the maximum and minimum horizontal stress, respectively, with a mean stress gradient of 19.23 kPa∕m. Using this information and the laboratory experimental data, the α i -β i relationships (Figure 6 ), the F p ðϕÞ function (Table 2) , and the SI (Figure 7 , where the main original logs of this well are also provided) were evaluated. The porosity log was not corrected for effects of unloading from the in situ to the reference stress because Mantilla (2002) reports negligible porosity changes Figure 5 . Case history 2: determination of the α i and β i parameters through regression of ultrasonic laboratory measurements on two representative samples (data from Mantilla, 2002) . Table 2 . Estimated parameters for the Apiay-Guatiquía field, well 3 (data from Mantilla, 2002) . The A P ¼ 6050 m∕s, A S ¼ 4090 m∕s (from P-and S-wave velocities in quartz, Mavko et al., 2009 ).
The c P exponent of the function F P ðϕÞ ¼ e −c P ·ϕ , obtained through of α P ∕A P versus ϕ, is equal to 3.124. Figure 6 . Relationship α-β for P-wave for laboratory samples from well 3 of the Apiay-Guatiquía field (data from Mantilla, 2002) .
due to compression (changes between −1.0 × 10 −4 and −8.9 × 10 −3 when loading from p 0 ¼ 0 to 45 MPa). In this exercise, it was not possible to exclude frequency dispersion effects due to squirt mechanisms. Velocities obtained in the laboratory on samples in dry or residual saturation conditions were then corrected through Gassmann fluid substitution, accounting for the effect of stiffness and density of oil (ρ oil ¼ 900 kg∕m 3 and K oil ¼ 1.43 GPa) and of brine (ρ w ¼ 1055 kg∕m 3 and K w ¼ 3.013 GPa), and thus allowing comparison of the characterization with sonic-log data.
Along the well, many portions having an SI well below one are evidenced, so that at reference conditions, samples shall have higher velocities than the formation, suggesting that fractures are diffusely present. In particular, there are three depth intervals, where SI assumes very low values. In the same zones, shallow, intermediate and deep resistivity logs show a reduction of resistivity (Figure 7) , which is accepted as a consolidated evidence of the presence of fractures (see, e.g., Ellis and Singer, 2008) .
Application 3: Carbonate reservoir
A third case history is related to the characterization of a carbonate rock within an oil reservoir (whose location is omitted because of industrial interest). The following logs had been performed in the well: gamma-ray, bulk density, P-and S-waves slowness, resistivity, and neutron porosity. Laboratory tests, carried out on specimens obtained from cores of the same well, included porosity measure- ments, uniaxial tests, triaxial tests, and ultrasonic wave velocity measurements performed at increasing isotropic stress. Ultrasonic measurements were carried out on dry, brine-saturated, and oil-saturated specimens.
Because sonic logs and ultrasonic tests were performed at different saturations, Gassmann's fluid substitution procedure was applied to refer all measures to dry conditions. The validity of Gassmann's equation was tested experimentally by comparing ultrasonic laboratory tests performed at different saturations (see Appendix B). The effect of fluid substitution on laboratory and in situ wave velocities is shown, respectively, in Figures 8 and 9 . Figure 8 shows V P velocities as measured on brine saturated specimens and as estimated, through fluid substitution, at dry conditions. Figure 9 analyzes a selected depth interval of the well, and compares the original V P log with the V P log at dry conditions as obtained through fluid substitution. Actual local saturation degrees of water and oil, of known physical properties, were used to operate fluid substitution in this latter case.
The parameters α i and β i of each sample were determined through a mean-square regression of V P and V S data versus isotropic stress, based on equation 1. An example of the obtained fitting is shown in Figure 8 , whereas α i and β i values for all samples are reported in Table 3 . Two relationships β i ¼ βðα i Þ valid for the data set were derived: one for P-waves (Figure 10a ) and the second for S-waves (Figure 10b) . X-ray analyses have shown that calcite is the only mineral constituting the grains, so values of the A i parameters in equation 2 can be assumed from the literature: A P ¼ 6264 m∕s and A S ¼ 3426 m∕s (after Mavko et al., 2009) were considered. Interestingly, these values of A P and A S are in agreement with sonic velocities of P-and S-waves measured by logs in intervals of very low porosities (Figure 11) . The F i ðϕÞ relationships (equation 3) were then determined by deriving Table 3 . Values of α i and β i parameters for all the samples of case history 3.
Sample
Depth (m) α P (m∕s) the exponent c i with a mean-square regression of the data (Figure 12) . The obtained β i ðα i Þ and F i ðϕÞ relationships were used to generate P and S pseudovelocity logs, which can be compared with the sonic logs ( Figure 13 ). To increase readability, Figure 13b and 13d provides the difference between the velocities of the fluid substituted logs and those predicted by the pseudolog. Log velocities are mostly higher than those predicted by the pseudolog. Note that the pseudolog requires the profile of the effective isotropic stress. For its evaluation, measured fluid pressures were used; the total vertical stress was derived using density logs, the minimum total horizontal stress was obtained from minifrac and leak-off tests, and the maximum horizontal stress was obtained based on inversion of breakout and tensile failure data (see, e.g., Zoback et al., 1985; Della Vecchia et al., 2014) . Also in this case, the log porosity was not corrected for stress change effects because the maximum porosity variation induced by isotropic compression from unloaded conditions to 30 MPa (Table 4) was equal to 2.2 × 10 −3 . Finally, the optimization procedure described in the section "Comparing laboratory and log velocities," based on the α-β relationship, on equation 1 and on the stress profile, was applied to generate the profile of α well i ðzÞ, and the SI (Figure 14) . The values of SI are slightly above 1; in some localized zones of the well, however, a strong decrease in the index with depth (particularly noticeable in the P-waves plot) could suggest that the reservoir presents alterations possibly related to the presence of fractures not represented in the samples.
However, SI values derived for P-and S-waves are actually quite close to one, thus indicating that the samples can be considered representative of the reservoir formation. As a consequence, the geomechanical model can be derived following the procedure described previously. Along the formation, a profile of the secant shear modulus can be obtained integrating information from the deviatoric phase of triaxial laboratory tests, whereas data from the isotropic consolidation phase can be used to integrate information on the bulk stiffness. Strictly speaking, this would be applicable if ultrasonic measurements were performed during the triaxial tests. However, the methodology can also be adopted when ultrasonic and triaxial tests are available on separate samples from the data set, as in this case history.
The secant shear modulus decay as a function of the applied strain, is shown in Figure 15a for a sample of the case history. Figure 15b reports the stress-strain curve for the same sample. The plots show the experimental data derived from the deviatoric phase of the triaxial test M7 (solid lines), performed on a dry sample, together with the fit of the experimental data obtained using the Ramberg and Osgood law (dotted lines):
where q and q max are the current and peak deviatoric stress, ε s is the deviatoric strain, G 0 is the shear modulus at small strains, and α 0 and r are fitting parameters. In the dotted-line model, G 0 is evaluated on the basis of triaxial data at small strains, whereas in the dashed-line model, G 0 is derived from interpretation of ultrasonic measurements performed on a sample from a similar depth having a comparable porosity (ϕ tx ¼ 9.91% and ϕ ultrasonic ¼ 9.1%). The identification of fitting parameters for the formation of interest allowed deriving a log for the static shear modulus G, according to the desired strain level by applying equation 8 written as
where the ratio q∕q max is relevant for the chosen strain level and V S is the shear velocity measured with the acoustic log. The tangent bulk modulus K tg increases with increasing isotropic stress, while the ratio K 0us ∕K tg obtained during the isotropic consolidation phase of triaxial tests decrease as shown in Figure 16a , being K 0us the bulk modulus at small strain evaluated on the base of ultrasonic measurements.
Relevant literature shows ratios K 0us ∕K tg close to 1 upon unloading (see, e.g., Fjaer, 2009) , thus suggesting that K 0us is closely related to what, under an elastoplastic frame of interpretation, would be the purely elastic component of the stiffness modulus. The same literature often also shows that along loading paths, in oedometer or isotropic conditions, K 0us ∕K tg has a minimum slightly greater than one at some relatively high stress, whereas it can increase again at even higher stresses. This second aspect could be explained consid- Figure 17. Case history 3: (a) ratio of the bulk modulus at low strains evaluated with ultrasonic tests (K 0us ) to the tangent bulk modulus from isotropic compression in triaxial tests (K tg ) versus isotropic effective stress and (b) isotropic compression curves from experimental data (symbols) and as simulated from logarithm compliance κ 0us evaluated through equation 10 (continuous line).
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ering that the "static modulus" decreases upon hardening; then minimum values of the K 0us ∕K tg ratio would be obtained upon start of yielding.
Altogether, this suggests the possibility of using the modulus obtained from fluid substituted logs, referred to the proper stress level, to define the elastic stiffness of elastoplastic models. Interestingly, for the present data set, K 0us ∕K tg approaches one upon loading at high stresses of approximately 10 MPa (see Figure 16a) . Because geomechanical simulations often rely on elastoplastic models that predict a nonlinear elastic behavior before yielding, this was used to obtain a logarithm compliance κ 0us , defined as
which was estimated at a stress of 10 MPa. Figure 16b shows the agreement between the stress-strain relationship from the triaxial tests and the prediction based on the compliance κ 0us from ultrasonic data. A shear modulus log ( Figure 17a ) and a logarithm compliance log ( Figure 17b ) were then generated according to equations 9 and 10. In using equation 9, a reference deviatoric strain of 0.1% was considered. In the case of the triaxial tests of Table 4 , the reference strain corresponds to a q/qmax ratio of 0.35.
CONCLUSIONS
A methodology to evaluate the representativeness of laboratory samples in a quantitative way is proposed, based on joint processing of laboratory tests and wellbore sonic logs. The main objective is to obtain a reliable characterization of the mechanical behavior of the rock formation. Laboratory results have the advantage of investigating a wide strain range and of imposing desired stress paths; however, samples may be not representative of the in situ conditions because damaged and/or not including features (joints and fractures) that could be present in the field. On the contrary, measurements at the well scale (from sonic logs) provide information not biased by coring processes but giving a response limited to the very small strain range. At a given effective stress, saturation and porosity, alterations such as cracks, particle debonding, or fractures induce a decrease of elastic-wave velocities, so velocities measured and predicted at reference conditions (p 0 0 ¼ 100 kPa, dry rock) can be used to compare the structure and the mechanical properties of the samples with those of the rock formation. Ultrasonic lab tests were integrated with in situ sonic logs to define a structural index, used to quantify the representativeness of the data set of laboratory samples and to guide in using the parameters obtained in the lab (e.g., from triaxial tests) into a reliable geomechanical model for the formation.
By referring to reference conditions, the present methodology has the advantage of providing an index that allows a uniform comparison between samples and formation. Such a uniform comparison could not be achieved with other analyses based on the same physical principles, such as, for instance, projection of results of laboratory seismic data at the in situ conditions.
The proposed methodology has been applied to three case histories. In particular, the last case history shows the potentiality of the method for the characterization of the in situ formation, by extending the local information from the laboratory samples to the scale of interest for engineering applications.
APPENDIX A COMPARISON OF PREDICTIONS OF STRESS DEPENDENCE OF ELASTIC WAVE VELOCITIES BASED ON A HERTZ-MINDLIN-LIKE MODEL WITH PREDICTIONS BASED ON A CRACK-CLOSURE MODEL
Stress dependency of elastic wave velocities can be modeled ascribing stiffness increase to closure of cracks, and not to increase in the grain contact area/stiffness as mainly considered in this paper. A model accounting for the effect of microcrack closure, introducing microstructural parameters that describe the behavior of microfractures, has been recently presented by Katsuki et al. (2014) . The model assumes randomly oriented microfractures within the rock mass, where the average fracture spacing is indicated by the letter s. The normal stiffness of microfractures k n is
where k ni is the normal stiffness of the fracture at reference normal effective stress σ 0 ni , σ 0 n is the effective stress normal to the microfracture, and n is an empirical parameter accounting for stiffness increase upon crack closure. The shear stiffness of microfractures is k s
where k si is the shear stiffness of the fracture at reference stress, and k sn is the rate of shear stiffness increase with stress, assumed to be linear. Representativeness of sample data sets
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For a rock loaded in oedometer conditions, the P-wave velocity is given by
where V Pm is the P-wave velocity in the rock mineral, K 0 is the coefficient of earth pressure at rest, and M m is the longitudinal modulus of the mineral (V Pm ¼ ffiffiffiffiffiffiffiffiffiffiffiffi ffi M m ∕ρ p ). The S-wave velocity is
where V Sm and G m are the S-wave velocity and the shear modulus of the mineral (V Sm ¼ ffiffiffiffiffiffiffiffiffiffiffi ffi G m ∕ρ p ). Equations A-3 and A-4 were then used to interpret laboratory results from the third case history, and parameters sk ni , n, as well as sk si and sk sn were evaluated through back analysis for each test. Figure A-1 shows the interpretation of results obtained on two samples for P-and S-wave velocities, together with the Hertz-Mindlinlike interpretation used in this work. As for P-waves, there is an almost complete overlap of the trend given by the two different expressions used. Larger (although still limited) differences are found for S-waves. Figure A- 2 compares all the measurements of the data set from case history 3 with the predictions obtained with equation 1 and those obtained with the model of Katsuki et al. (2014) . Results suggest that material behavior is well represented by both models. Also note from Figure A-3 that parameters sk ni and sk si tend to decrease as the porosity of samples increases, as was the case with the function F i ðϕÞ used in this study.
APPENDIX B EXPERIMENTAL VERIFICATION OF FLUID SUB-STITUTION APPLICABILITY
The fluid substitution theory, based on the Biot-Gassmann model (Gassmann, 1951) , provides a methodology to predict seismic velocities in rocks saturated with a fluid from velocities for the same rock at different saturation conditions (saturated with a different fluid or dry). It represents a widely used tool in rock physics for the analysis of sonic data from log and lab tests, as well as for the processing of seismic data at field scale. This model assumes that the shear modulus is independent of the nature of the saturating fluid, as long as the latter is not viscous. The bulk modulus of the saturated rock as a function of the parameters of the rock frame and of the saturating fluids can be expressed as
Figure A-3. Relationship between parameter sk ni and sk si of the formulation of Katsuki et al. (2014) with porosity for the data set of case history 3. Katsuki et al. (2014) formulation. Predictions refer to the whole data set of case history 3.
where G sat is the shear stiffness of the saturated rock, G sk is the shear stiffness of dry rock, K sk is the skeleton bulk modulus (dry rock), K g is the bulk modulus of the mineral constituting the rock, K fl is the bulk modulus of the pore fluid, and ϕ is the porosity. When two or more different fluids are present in the pore space, K fl can be calculated as the a Reuss average of fluid modulus (Mavko et al., 2009) :
where S i and K fl;i are, respectively, the degree of saturation and the bulk modulus of the ith fluid phase. Gassmann's equation is valid only at low frequencies, such that the induced pore pressures are equilibrated throughout the pore space (i.e., there is sufficient time for the pore fluid to flow and dissipate wave-induced pore pressure gradients). The use of the Biot-Gassmann formulation may not be appropriate for shale or coal formations. Indeed, shale contains bound water, which is essentially immobile, and thus cannot be in hydraulic equilibrium with the rest of the pore space. Alternative approaches can be found in the literature to overcome this problem. For example, Dvorkin et al. (2007) propose the use of an effective porosity.
Gassmann's equation requires several additional assumptions, among which the homogeneity and isotropy of the formation at the micro-and macroscales and the connectivity of the pore system. It is not possible to assess theoretically the validity of each assumption and the consequence of its potential violation. Hence, the method can only be validated by experimental testing (Grochau and Gurevich, 2009) .
The most direct way to estimate the validity of Gassmann's fluid substitution is to compare moduli obtained from laboratory seismic velocities on dry samples with velocities obtained from measures on the same samples in completely or partially saturated condition after fluid substitution is operated. This approach has been applied to the ultrasonic laboratory seismic velocities of the third case history presented in the paper.
In Figure B -1a, the shear moduli obtained from S-wave ultrasonic velocities measured at a different isotropic pressure on a dry sample are compared with the corresponding moduli obtained using Gassmann's fluid substitution on measurements performed on the same sample saturated with brine and with oil. A fluid-dependency of shear moduli is also visible, although the Biot-Gassmann model predicts that the shear modulus will remain constant under different saturation. Several authors have, however, observed S-wave velocities for water saturation lower than for oil saturation (e.g., King, 1966; Khazanehdari and McCann, 2005) . Other authors have observed increases in shear velocity with liquid saturation (e.g., Han et al., 1986; Khazanehdari and McCann, 2005) . Khazanehdari and Sothcott (2003) compile rock-fluid interactions that explain the rock shear modulus variability with fluid. They define rock weakening when G sat < G dry and rock strengthening for G sat > G dry . They also identify several potential mechanisms responsible for the change in shear modulus upon liquid saturation (viscous coupling, reduction in free surface energy, and dispersion due to local and global flow). According to their observations, viscous coupling and reduction in free-surface energy mechanisms show some degree of pressure dependence, being more relevant at low pressures (when fracture and pores are open). Indeed, open microfractures and low-aspect-ratio pores produce a larger surface area for fluid-solid interaction to take place. Increasing effective pressure results in closure of low-aspect ratio pores and consequently reduces the available surface area of minerals to fluids, minimizing the solid-fluid interaction. This aspect is also shown in Figure B-1a , where for increasing effective pressure a reduction in the difference between dry and saturated shear moduli is observed.
For the experimental data reported in that paper, it is, however, possible to note that, even if a trend is observable with varying saturation, the maximum difference between the dry and saturated shear moduli is less than 5%, within the limit of accuracy of the measurements (typically, a few percent on the moduli, that is to say, half of this range for the velocities). The same comparison in terms of the bulk moduli is shown in Figure B -1b.
The results show on average a good agreement between the elastic moduli computed using Gassmann's equation with the corresponding moduli directly obtained with ultrasonic velocity tests on the dry sample. This confirms that all the assumptions of the Gassmann's model are adequate within the measurement error and natural variability of elastic properties for the reported case history.
APPENDIX C DEFINITION OF A DAMAGE INDEX ACCOUNTING FOR POROSITY CHANGE EFFECTS
A modified α pseudo i can be defined using core porosity, if available, in place of log porosity in the proposed formulation. Its use in equation 5 leads to a different index, that we shall call DI (damage index). This index accounts also for the effects of porosity changes at reference pressure induced by coring (or reversely, for porosity differences between sample and formation due to faults or fractures at the megascale). Whereas SI compares structural effects on elastic velocity within the formation with those detected on the whole sample data set at the imposed local porosity of the well, DI provides the expected ratio of elastic wave velocities at reference conditions between the formation and the sample proceeding from the same depth. Loss of structure leads to higher porosity at reference pressure and to slower elastic velocity-porosity trends. If damage is caused only by coring, DI will be a lower bound to SI; if damage occurred in situ because of megastructural effects (faults or fractures), DI will be an upper bound to SI. Therefore, one of the following holds: DI ≤ SI≤1 or DI≥SI≥1. When no destructuration is occurring, DI ¼ SI ¼ 1. When coring and fractures are playing a significant role, DI might actually not be a bound to SI because although the sample would experience a porosity increase because of alterations induced by coring, related effects might be compensated by its velocity-porosity trend laying above that of the formation.
The indices DI and SI for case histories 2 and 3 are compared in Figure C-1. As for case history 2, being core porosity higher than log porosity, DI is consistently lower than SI for case history 3, the opposite mostly holds. Also, it can be noticed that the difference between the two indexes is generally relatively small, and SI has the practical advantage of being available over larger intervals.
